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Abstract. This paper studies the general behavior of the nominal and real term structures of interest rates in a
general equilibrium framework. A central bank is introduced in the model as an agent facing a tradeoff between
inflation and output and choosing a monetary policy variable. Prices and output are jointly determined in our model
endogenously. Two multi-factor nominal and real term structure models are given as examples to illustrate the
general model. In our economies, inflation indexed bonds are not completely inflation proof, but are still subject
to the influence of inflation uncertainties. The models offer us an empirical framework that can be studied with
indexed bond data and nominal bond data together in a single estimation.

Key words: inflation, inflation-indexed bond, term structure models, asset pricing

JEL Classification: G12, E31

Introduction

The United States Treasury Department started issuing “inflation-indexed” bonds in January
of 1997. These bonds are designed to provide a guaranteed real rate of return that is not
subject to inflation fluctuation. In this case, inflation is no longer a direct factor that affects
the return on these bonds. However, indexed bonds may still not be inflation proof, because
inflation may have a real effect on the return of indexed bonds indirectly by affecting real
production. Because the term structure of real interest rates is as crucially important to the
pricing of indexed bonds as the term structure of nominal interest rates is to nominal bonds,
understanding relations among expected inflation, actual inflation, real interest rates, and
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66 MAO, ZHANG AND ZHONG

nominal interest rates is a first step toward any further study of indexed bonds. This may
also yield insights into other macroeconomic phenomena.

A multi-factor nominal and real term structure model is presented in this paper in the
general equilibrium framework offered by Cox, Ingersoll and Ross (1985a, CIR henceforth),
with emphasis on the role played by the monetary authority and on the implications of the
relations among inflation, employment, output, and the term structure. There have been many
attempts to study the relation between the real and nominal term structure of interest rates in a
modern framework. CIR (1985b) first formulated a model in which an exogenous price level
process is given to be independent of other economic fundamentals. Thus money is neutral
in their economy, and consequently, real interest rates are not affected by inflation at all.
Richard (1978) presented a similar model in an arbitrage pricing framework. These works
have laid the foundation for other contributions. Sun (1992) argued in his partial equilibrium
model that money is not neutral. In his model, an exogenous price level process is correlated
with the real economy. He also found a positive correlation between the consumption growth
rate and the price level growth rate. Pennacchi (1991) modeled the output process and
price process as a state-space system that is affected by two common factors. He found a
negative correlation between instantaneous real interest rates and expected inflation. Brown
and Schaefer (1994) studied British inflation index-linked bond data and found a different
behavior of real interest rates. Specifically, they find that long-term real interest rates are
much more stable than their nominal counterparts. In other words the term structure of real
interest rates is more volatile than the nominal term structure. There are also several works
in related areas. Bakshi and Chen (1996) put real money balances into the utility function to
justify the movement of nominal interest rates. In their model, the price process is derived
endogenously for the first time; but, the money supply process is given exogenously. Because
real money balances facilitate transactions, the money supply can alter the utility levels
of consumers without affecting real output. Thus, the real and nominal term structure of
interest rates are independent of each other. Their model shed some lights on understanding
the economic forces driving the real and nominal interest rates and inflation. It also built a
bridge between powerful tools in monetary economics and the financial economics theory.

All of the above models, except Bakshi and Chen (1996), took the price process as
exogenous. The structures were directly imposed by these authors in order to maintain
mathematical tractability and serve the intentions of the models. The difficulty of these
models is that in continuous-time, our ability to make variables exogenous is very limited.
The Bakshi and Chen (1996) model is attractive in terms of price endogeneity and the
economics behind the model, but the result that nominal and real interest rates are indepen-
dent is less than satisfactory. Other models that allow more complicated structures, such as
Pennacchi (1991), however, lack economic explanations of what is behind the structures of
models.

Our model attempts to solve the problems of the existing literature and still maintains
the tractable properties of other models. First of all, price is endogenous in our model. It is
jointly determined with output in equilibrium. This is achieved by adding a central bank as
an agent in the economy. In monetary economics, there is a large body of literature devoted
to the study of the central bank’s behavior which assumes multiple objectives in the bank’s
utility function. We assume that the central bank wants both a low inflation rate and high
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employment growth. It chooses its monetary policy variable by minimizing its intertemporal
loss function involving its inflation and employment objectives. The choice of the monetary
policy, represented by one of the state variables in our model, is determined by the market
condition when the central bank makes monetary policy decision. We achieve endogeneity
by using stochastic processes, but leave undetermined coefficient in the drift and diffusion
terms of the processes. We claim that price and output are endogenous in the sense that we
have to solve for the undetermined coefficient in the processes that govern the price and
output.

The second main contribution of our model is that despite the economic intuition behind
the model, the results of our model are rather general. Real and nominal interest rates and
expected inflation are all correlated with each other. Instead of being imposed by authors
as in previous models, these results are derived from the real and nominal sectors of the
economy. The state variables in the term structure literature are usually unspecified. In
our model, all the state variables have economic meanings. This way, we can significantly
improve our understanding of the term structure in the context of the whole economy.

The third contribution comes from the mathematical tractability of the model. Because
we have closed-form solutions for the prices of a wide range of real and nominal bonds
and their derivatives, this model can be readily tested. Ten years of British indexed and
nominal bond data are a natural starting point. This model also allows us to utilize other
macro data, such as inflation data and other monetary policy variables with bond data in
estimating parameters and testing hypotheses. These features all stem from our emphasis
on economic variables in a term structure model.

This paper is organized as follows: In Section 2, we show the general model and give
the general solutions determining the central bank’s policy, real and nominal interest rates
and real and nominal asset prices. Section 3 specializes the model in a three-factor Vasicek
framework (Vasicek, 1977). In this mathematically tractable model, we can let the structure
of the economy be very flexible, yet we can still obtain closed-form solutions. The role
played by each economic variable is explored in great detail. In Section 4, we show a more
realistic model that satisfies some natural constraints, i.e., the nominal interest rate cannot
fall below zero, but the real interest rate and expected inflation can possibly be negative.
Unlike other models, the role of the speculative demand of money is implied by this model
without sacrificing the possibility of deflation and negative real return. Money as an asset
does not allow a negative interest rate on nominal bonds. We also solve for bond prices in
a mixed square-root and Vasicek setup. Section 5 discusses the potential empirical study
of our model. Conclusions are reached and further research directions are suggested in
Section 6.

The model

In this section, we first define the economy, including the consumer preferences, the pro-
duction, and the central bank’s objectives and action. The central bank will decide its
monetary policy according to the market condition in the beginning. Then we solve the
general equilibrium model for the nominal and real interest rates and other asset prices. The
parametric forms of this model are given in the next two sections.
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68 MAO, ZHANG AND ZHONG

The economy

The economy consists of identical producers, identical consumers, and a benevolent central
bank. There is only one good in the economy. This single good can either be consumed or be
used as capital input in the production technology combined with labor input to provide the
same good in the next instant. There is also money in the economy to facilitate trades. Trades
of goods and financial assets can occur and be denominated either in the consumption good
or in money. The central bank controls monetary policy. Monetary policy will affect both
real output and nominal prices. There is no storage technology in this economy, so the only
means to carry wealth intertemporally is to invest in real production for the society as a
whole. Butindividuals can invest in real production, real assets, and nominal assets including
money. There is no asymmetric information problem in this economy. Both the consumers
and the central bank are rational. However, there are nominal unmodeled rigidities like
downward wage rigidity' in the economy so that monetary policy can have real effects on
the labor markets, and therefore real output.

Consumers in this economy have identical time-additive constant relative risk aversion
utility functions with relative risk aversion parameters equal to 1 (CRRA-1). Their intertem-
poral utility function is given by

+00
E, [ / s ln(Cs)ds], o)
t

where p is the constant discount factor.”? With this special utility function, a representative
consumer will always consume a constant fraction, g/, of his total wealth, as shown by
Merton (1971).

We let the stochastic productivity process be exogenously given by

dA; = g (XA dt + 04,(X)A; dBy s, (2)

where p,, and o, are expected mean and standard deviation of the productivity growth
at time 7. X, is a vector of exogenous state variables. , and o, are functions of these state
variables. B, , is a standard Wiener process. The employment level follows

ANy = pn, (X, @)N; dt 4 044 (X¢, ¢)N; d Byt 3)

where u,, and o, are continuous processes denoting the expected mean and standard
deviation of the labor growth rate at time ¢. They will be affected by the state variables and
also by ¢, the monetary policy variable that affects both the inflation and the employment.
We will define this variable when we start to talk about inflation. B, , is another standard
Wiener process correlated with B, ;. The correlation coefficient is p,,. When ¢ is set to be
anumber such that price is stabilized, the employment level will have natural employment
growth rates. The natural employment growth rates are not necessarily the socially desirable
growth rates because of the nominal rigidities we have assumed. The individuals in this
economy are endowed with one production technology that requires physical inputs ¥, and
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labor inputs N,. Together with the exogenous productivity Ay, it produces the same good as

the output Yy, 4. The stochastic process that determines the return to physical investment in

this technology is determined by the productivity growth process and employment growth
3

process

Yr = Ath. (4)

Applying Ito’s lemma to Eq. (4), the dynamic of this production function becomes

dA dN,
dY, =Y,—— + ¥, + 0,,04,0,,,Y, dt. Q)
Ar Nr

Individuals will decide how much, C;, they want to consume and how much to reinvest.
Since physical investment coincides with final output, when we have continuous production
function with consumers who have CRRA-] utility functions that generate consumption as

a constant fraction of total wealth, physical investment will be continuous as well.
Assume that the nominal price of the consumption good is given by the process

dP = pp,(Xs, @) Prdt + 0 1(X, Q) P+dB, ;, (6)

where B, ; is another standard Wiener process having correlation coefficients p,, and p,),
with the Wiener processes governing the productivity and employment uncertainties. ztp, ,
is the expected price growth rate or expected inflation. o7, , is the unexpected volatility
of the price growth rates at time ¢. pt,, and o, are functions of the state variables and
the monetary policy variable, g. Both the expected and unexpected change of prices are
affected by the central bank’s monetary policy through different possible channels such
as open market operations, reserve requirement, and discount window lending procedures.
Then in an economy with perfect foresight, expected inflation is the rationally expected part
of the actual inflation. If we let w, represent actual inflation rate, then it follows

do, = d?P = pp(Xs, @)dt + 01X, q)d By 4, @)
In an economy with rational agents, expected inflation is the expected price growth rate,
Jp.s in EQ. (7).

Inflation plays different roles in the whole economy. It is argued that inflation can “grease
the wheels of the labor market”. Inflation can lower the real wage without lowering the
nominal wage such that even with downward nominal wage rigidity, employers do not have
to fire workers in order to lower their costs. On the other hand, other than the downward
wage rigidity effect that favors a higher inflation to keep the real economy unhurt, there
might be other effects such as distributional effects that make people dislike inflation even
if the inflation raises the level of real output. We assume that consumers take inflation as
given and do not put any measure of inflation into their utility functions. We also introduce
the central bank into our economy as the agent to make monetary policy decision.

Let us now model the central bank’s behavior. The central bank cares about both price
stability and employment or output growth. We specify two preference variables to represent
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70 MAO, ZHANG AND ZHONG

both objectives that will enter into the central bank’s utility function. Here, 7, denotes
inflation preference and [, denotes employment growth preference. Because both the growth
rates and volatilities of the price process and employment process are stochastic, we let

T = fl(llp,n Up,r)7 (8)
Iy = foln,es on). 9

Both the expected growth rates and the volatilities affect these functions, because not only
the average growth rates but also the volatility matters. Also we let 7z;” and I be the targets
of these two variables. Conventionally, 7z;” denotes a price stability state and /" denotes an
above natural employment growth trend. Finally, the loss function of the central bank is
given by

+00
E; {/ e (i(ry — 1) + ool — l;‘)z)dS} (10)

where w; and w; are the weights on losses from inflation and employment being different
from their targets, and § is the intertemporal discount factor. This loss function is similar to
the most conventional objective functional forms in the central banking literature which put
levels of inflation and output objective in the loss function instead of preferences involving
the drifts and volatilities of inflation and employment processes.*

In order to simplify the problem, we do not index the monetary policy variable by time.
Instead of deciding on monetary policy continuously, the central bank has to choose the
magnitude of the policy variable at one time, and follow this policy thereafter. We are not
dealing with time consistency problem here. Once the central bank has chosen a policy, he
has no incentive to deviate from its rule. The central bank’s problem is to choose g at ¢y in
order to minimize (10).

The current monetary policy variable is given by the solution to the following equation:

/*"" _55( dE[(mms(Xs, ) — 77)%] dE[(s(xs, ) — I1)%]
e ) + wy
fo

ds=0. (11
dq dq )s (b

Proof: See Appendix. O
If the central bank has an anti-inflation and above natural employment objective, Eq. (11)
will deliver a solution such that the marginal intertemporal loss from an inflation rate above

the bank’s inflation target is equal to the marginal intertemporal gain from the above natural
employment growth rate.

The real interest rate and real asset prices
The consumers are going to solve for their consumption and investment portfolio problem

taking monetary policy as given. In this subsection, all assets are denominated in real
consumption goods. In this economy, there is only one production technology available, and

Reproduced with permission of the copyright:-owner. Further reproduction prohibited without permissionyyanny.manaraa.com



ARE INDEXED BONDS REALLY INFLATION PROOF? 71

there is no storage technology. People can trade different real contingent claims including
real free bonds.> All the real assets are in zero net supply except the real investment in
the only production. However, these assumptions will not prevent us from calculating real
interest rates and real asset prices. The short-term real interest rate is the instantaneous rate
of return of real consumption good on one unit of riskless real investment. Let W be the real
wealth of a representative agent in terms of real consumption goods. His problem would be
to maximize (1) subject to the budget constraint given by:

dY,

t

The consumption process is maintained at a constant, p, proportion of the net wealth with
level pW. Thus, the budget constraint (12) becomes

dw, = (;ua,r + Mnt + PanOua,nOn,t — /0) W dt + Ua,tWtdBa,r + Un,rWrdBn,r- (13)

Due to the tractability of the time-separable log-utility function, Merton (1971) shows that
in solving the consumers’ optimization problem, the indirect utility function can be written
as

J(Wi, X, q, 1) = p~ e ™ In(W,) + g(x;, ¢, 1). (14)

J is a function of real wealth W and other state variables. J is separable such that W is
not an argument of g. Following Merton (1971), CIR (1985a) Theorem 1, or following
Breeden (1986) by relating interest rates to marginal utility, we can solve for the short-term
real interest rate process and the pricing formula for contingent claims. The real short-term
interest rate is given by:

2 2
't = Ha,t + Mt — PanOCa,tOn,t — Ua,r - Un,f‘ (15)

We can see that the real interest rate is equal to the expected growth rate of wealth minus the
variance of the unexpected rate of change of wealth growth. In terms of factor inputs, real
interest rates are equal to the expected rates of productivity growth times the relative fraction
of productivity versus the physical capital, plus the expected growth rate of employment,
minus the covariance of the unexpected change of productivity and employment scaled by
their factor loadings, minus the variance of the unexpected rates of productivity growth
times a constant, minus the variance of the unexpected changes of employment growth. The
real interest rates can also be understood as minus expected rate of change in the marginal
utility of wealth as first proposed by Breeden (1986). Monetary policy affects real interest
rates by affecting the expected and unexpected rates of change of employment. We have
not quantified the employment growth process, so we cannot study the effect of monetary
policy in great detail. By now, we know at least that monetary policy is not neutral as long
as its effect on employment are not negligible in this economy.

We can characterize the price of any contingent claim either by specifying the partial
differential equation (PDE), or by finding the equivalent martingale measure. Together with

Reproduced with permission of the copyright:-owner. Further reproduction prohibited without permissionyyanny.manaraa.com



72 MAO, ZHANG AND ZHONG

proper initial and boundary conditions, we can solve for the price of any asset analytically
or numerically. The PDE for any contingent claim to follow under the conditions of this
economy is given by CIR (1985a). We will give a simple general equivalent martingale
formula that is equivalent to the PDE approach. The task for us is to figure out the equivalent
martingale for this formula.® If a contingent claim F(-) does not depend on the real wealth
level, then it can be expressed as

T T s
F, = E,Q{exp(/ —F ds) Fr + / exp (/ —r, dz)das}, (16)
t t t

where 4, is the time-s dividend of asset F. Q is the equivalent martingale that can be derived
both from general equilibrium models and arbitrage models.” Specifically, this Q will be
adjusted by the covariance between the unexpected components of the exogenous state
variables and the unexpected growth of the real wealth.

Nominal interest rates and nominal asset prices

Now we turn our attention to the nominal economy. In this subsection, the representative
consumer has all his wealth denominated in nominal money, and can either spend his money
on the consumption good or invest his money in nominal financial assets. The nominal short
interest rate can be understood as the return to an instantaneous riskless nominal investment,
the nominal bond that guarantees to pay back one unit of money. In equilibrium, all the
nominal assets including the nominal bond are in zero supply except the stock that denotes
the only production technology. Let &, denote the time- representative consumer’s nominal
expenses on the consumption good. Given the price level P;, his objective function can be
written as

el [ e E\a 17
t f e H(E) S |. ( )

If we measure production by nominal wealth as well, the nominal output Q, at time ¢ can
be written as

Q=Y. P. (18)
Let Z, be his nominal wealth level at time ¢. Then, Z, is given by

Z, = W, P,. 19)
Thus, the intertemporal budget constraint becomes

dz, = z,dQ’
[0

— g dt. (20)

t
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Similar to the real economy case we just discussed, the indirect utility function can be
written as

L(Zi, %, q.0) = p~'e ™ In(Z) + ¢'(x,, q. 1). (21)

L is separable such that Z is not an argument of g’. In fact, the consumer will spend a
constant fraction, p, of his nominal wealth on consumption good at each instant at price 7.
The budget constraint becomes

dz; = (Hayr + tps + Hpt + Pan0atOnt + Pap0a,tOp,t + PrpOn,tOpt — p) Z dt
+04:Z:dByy + 0y, 2:dBy ;s +0p Z:dBp ;. 22)

Similar to the real economy case, we can solve for the nominal interest rate process as

= May + Mpy + Mp.t — PanOa,tOn,t — PapOa,tOp,t — PnpOn,tOp.t

2 2 2
=041 = 0py = Op e (23)

The nominal interest rate is equal to the real interest rate plus the expected inflation rate
minus the variance of the unexpected inflation rate, minus the covariance between the unex-
pected price growth rate and the unexpected productivity growth rate, minus the covariance
between the unexpected price growth rate and the unexpected employment growth rate.
The nominal interest rate can also be seen as the expected nominal wealth growth rate
minus the variance of the unexpected wealth growth rate. Notice that monetary policy en-
ters into the nominal interest rate through two channels, the employment growth rate and
inflation.

Let us study real return on an asset that pays the nominal interest rate at any moment of
time. First we define a money market account M, as such an asset. Its dynamics is given
by:

er =tyMrdt. (24)

The real return p% is given by

M,
Rt = 7‘

Applying Ito’s lemma, we obtain

dR, = (s — pps +0; )R dt + 0, R, dBy,

(25)
= (tt = Pap0a,t0p,t — PupOn,t0p, )R dt + 0, R, dBp;.

From this result, we can see that investors wound not generally receive a premium on
the unexpected inflation uncertainty when they hold money market account. The only risk
premium they receive for holding this asset is from the correlation between the unexpected

Reproduced with permission of the copyright:-owner. Further reproduction prohibited without permissionyyanny.manaraa.com
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inflation and the unexpected uncertainty in real output. If unexpected inflation is uncorrelated
with real output, from the CAPM point of view, this uncertainty can always be diversified,
thus investors need not to be compensated for bearing this risk.

Any financial asset G(-) that carries off its payoffs in terms of nominal money can be
priced by the following equation

T T s
G,=EF {exp(/ —tsds)GT +/ exp(/ —tzdz)dég}, (26)
t t t

where §, is the time-s dividend and Gy is the time T price of asset G in monetary terms.
Q' is the equivalent martingale adjusted by the covariance of the unexpected growth of
nominal wealth and unexpected component of other state variables.®

The monetary policy variable affects both real and nominal asset prices by affecting the
real and nominal interest rates and by changing the risk adjustment of equivalent martingale
measures. Now that we have been equipped with all the general solutions in real and nominal
economies, we are ready to illustrate the interplay between the real and nominal interest
rates, asset prices, inflation, and output in greater detail by examples.

A three-factor Vasicek model

We will present a parametric form to illustrate the general model we introduced in the last
section. Under the assumptions of this section, if the central bank chooses the monetary pol-
icy variables to cause a higher money growth rate, a higher expected inflation and a higher
expected labor growth rate will be induced proportionally. The case of choosing a zero mon-
etary policy variable corresponds to zero expected inflation and natural employment growth
rate. Because the central bank has zero inflation and above natural employment growth ob-
jectives, the equilibrium price and employment will generally follow modest inflation and
above natural employment growth paths. However, under very special circumstances, there
might be deviations. Thus, the equilibrium real and nominal interest rates processes are
affected by the central bank’s choice of the policy variable. These assumptions are sup-
ported by the argument that inflation (or at least modest inflation) greases the wheels of
labor markets. Thus employment will grow at a faster pace than the natural employment
growth rate. Here, the natural employment growth rate is not socially optimal. Next, we
will formally introduce the economy.

The economy

The economy is characterized by the productivity, employment, and price processes as given
by

dAr = }C]JA; dt + o1 Ar dBa’r, (27)
dN: = (x2; + qnx3,)N; dt + 0,N; dB,,, and (28)
dP, =q(1 —nx3Prdt + 03P, dB,;, 29
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where o;s are positive constants and the state variables x;s are given by

dxi; =ki(61 — x1,)dt +vidBy, (30
dxs; = ko(6y — x2,4)dt +v2dBy;, and (31
d)C3’, = k3(93 - )C3’,) dt =+ V3 dB3’,. (32)

where 7, k;s, ;s and v;s are positive constants. B! s are standard Wiener processes. Any
pair of Wiener processes, B;; and Bj,, are allowed to be correlated. Their correlation
coefficient is p;; and x; is a mean-reverting Brownian motion with unconditional long-run
mean ¢;, decaying parameter k;, and diffusion parameter v;. This process is also known as
Ornstein-Uhlenbeck process in the stochastics literature and Vasicek process in the finance
literature. Agents in the economy can observe x;, at time ¢, but not By, B, ;, and B, ;.
Technology has a mean reverting expected growth rate and a constant unexpected growth
rate. The expected growth rate of employment is equal to the sum of the expected natural
employment growth rate and a factor reflecting the real effects of monetary policy. The
unexpected growth of employment is constant. The expected inflation is equal to the total
nominal effect of the monetary policy minus the effect on employment. The unexpected
inflation rate is constant as well. In this setup, the total monetary policy effect on the
economy is divided into constant shares to affect expected employment growth rate and
expected inflation, say, n of the total effect on expected employment growth rate, and 1 —
of the total effect on expected inflation rate. If the central bank chooses a larger ¢, the effect
would be that the expected inflation would have a higher unconditional mean, a higher
volatility, and the same frequency, or decaying speed. Precisely, the expected inflation is

given by

wf =q(1 —=n)x3,, (33)
and

dof =k3(q(1 =3 — w)dt + q(1 —n)v3 dBs,. (34)

At the same time, the expected employment growth goes up by gnx3 . The long-run mean,
volatility, and decaying speed of expected employment growth are all affected by the mone-
tary policy. However, no matter what value the central bank chooses the policy variable g to
be, the unexpected rates of changes of the economic variables: productivity, employment,
and price will not change.

Monetary policy

Let us now consider what will enter into the central bank’s objective function. Aside from
the expected inflation, it should also care about the unexpected price growth. However,
since the expected change part is not at its disposal, we can only put the expected inflation
into its objective. Similarly, the labor growth variable is represented by the expected labor
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growth rate. So we have the conventional definitions

T = Ppyr = q(X3 — Us), (35)
It = Pny = X2 + q . (36)

We also assume that the central bank has a zero target for expected inflation
nf=0. 37

Similar to the assumptions often used in monetary economics literature that the central bank
wants to keep employment above the natural level, we assume that the benevolent central
bank has an above natural employment growth objective,

IF = + b, (38)

where b is a constant that represents by how much it is ideal for the central bank to set the
employment growth rate above the natural rate. This assumption is justified by the argument
that natural employment growth rate is suboptimal due to the nominal rigidities.

Here, the central bank has to decide on his monetary policy rule at time #y, which is fully
characterized by the parameter ¢ based on minimizing his loss function (10). He has to
choose a policy to serve both of his objectives, maintaining high output growth and low
inflation. Based on the assumptions above, we can solve for the policy variable ¢g.

Proposition 1.  The central bank will choose the policy variable q* at time ty as

@nbAs(ty)

= T =07 + o Bsliy) o
where
Xis— 6 0
Ai(s) = k’i o + 3 and
Bi(s) = (xi s 2-k9,+ 28_ = zeizii; 6:) N o ;— 9,.2‘
Proof: See Appendix. O

In this example, g* is positive when x3 ,, > —k365/8. That is, the central bank will choose
a long-run inflation unless the current realization of x3,, is too small. The reason is that
we allow short-run deflation to have a negative effect on employment. Thus, when the state
variable turns out to be a big negative number, the central bank will choose a negative
policy value such that it can gain by keeping a short-run inflation, but in the long-run, the
unconditional distribution of expected inflation will have a strong deflationary effect.
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The interest rates and asset prices

We can solve for interest rates and asset prices in this economy. The interest rates are given
in the following proposition.

Proposition 2. The real short interest rate is given by
2 2
Ty = X1 +X2,p +GNX3: — Pan0102 — Op — 0y (40

The nominal short interest rate is given by

2 2 2
Fe = X1,r + X2,0 + qX3,0 — Pan0102 — Pap0103 — Pup0203 — OF — 05 — 0. (41)

Proof: Applying Eq. (15) directly to (27) through (32). O

In this example, if the nominal economy is expected to grow gx;, at time ¢, inflation
is expected to grow (1 — n)gx3;, and employment, thus output, is expected to grow nqxs
above their natural growth rates. As shown in the interest rates, the central bank’s influence
over the economy is reflected by the g x3 , component in the nominal interest rate, and by the
ngx3, component in the real interest rate. Similar to the expected inflation rate, monetary
policy ¢ can change the long-run mean and volatility of both real and nominal interest
rates, but not the mean reverting coefficients of the components of the interest rates. In
other words, a higher value of monetary policy will give higher means and volatilities to the
interest rates, but not the periods of the cyclical behavior of the state variables. However, the
mixed cyclical behavior will be different due to the different factor loadings of the different
state variables. The nominal interest rate is equal to the sum of real interest rate and the
expected inflation minus the variance of the unexpected rate of change of the price process
minus the covariances between the unexpected change of price growth and unexpected
change of productivity and employment growth rates. This is because people discount the
new unexpected shocks introduced by the price uncertainty. From Eq. (25), we can see that
the expected real return on the money market account is r, — p,,0103 — 0,,0203.

With the parametric setup in this section, the equivalent Martingale asset pricing solution
givenin (16) can be explicitly written as a PDE. With proper initial and boundary conditions,
any contingent claim price denominated in the real consumption good is solved by the
following PDE

: p,]v,v] 3F dF aF
Z o T (kb —kixi —h)o— | —rF = —, (42)
X

j=1 lx] i

where A; is the market price of risk of the state variable x; with respect to the real economy
defined as

Ty
i = (%)COV(W, X)) = PiaViol + PinVi02. (43)
w
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The equivalent Martingale measure is to replace the drift k;(6; — x;) with the new drift
k;(6; — x; — X;). This risk adjustment takes care of the correlation between the state variable
and the real wealth growth. Similarly, with initial and boundary conditions, any nominal
contingent claim denominated in money will follow

3

yviv; 9°G 3G 2G

§ (p’” U2 (k6 - —)»;)—)—LG=—, (44)
axix; iXj ox;

where A is the market price of risk of state variable x; with respect to the nominal economy
defined as

—L
A= <L—QQ>C0V(Q, Xi) = PiaViO1 + PinVi02 + PipV;03. (45)
Qo

In this case, the equivalent Martingale is adjusted by A}, which denotes the correlation
between the state variable and the nominal wealth growth. In this economy, the market prices
of risk are not affected by the central bank’s policy, because all the diffusion coefficients
are constants. The policy variable enters the pricing equations through the real and nominal
interest rates. We will see these effects more clearly by solving for bond prices and bond
options prices in the next subsection.

Bond and bond options prices

In this economy, the price of a zero coupon real bond with maturity t at time ¢ is the solution
to Eq. (42) with terminal condition F(t +7,0) = 1. If welet¢, = 1, ¢ = 1, 53 = ¢,
then the price of this bond is given by

3
F(t,7) =exp (F(r) — Z giDi(r)xi,,), where (46)
i=1
—_ —kit
Di(x) = 1,{;
F(1) = cT + ZG () + Z Z Hy; (1),
i=1 j=i+l
N _ M (7)) — §, i 2
Gi(r) = ( 2% Si (9, a ))(r Di(1)) (D ()7,
L PijSiSiviv; 1=l )
H;;(7) = Kk (r s Di(t) — Dj(r) ), and

2 2
C = Pan0103 + 0 + 05.
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The real yield on a T-maturity zero coupon real bond at time ¢ is given by

Y, 1) = Z siD; (T)xtr Gi(7) Z Z l](r) e (47)

i=1 j=i+l

The yield curve generated by this three-factor Vasicek model can show very flexible shapes.
The monetary policy variable will affect the yield curve by changing the average yield and the
volatility of the yield. It affects the cyclical behavior of the curve through a different linear
combination of three factors with unchanged decaying parameters. Unlike most of the term
structure models, in this economy, monetary policy has an effect on the real interest rate
through the labor market channel. The term premium at time ¢ for maturity 7 is

3

2 3
P T) = Z x,f(D(r) 7) — Gi(1) ZZ ,,(r) 48)

i=1 =]t+l

Notice that only the uncertainties related to the state variables matter for the term premia.
Unexpected productivity, employment, and price changes do not matter directly except
through the correlations with the state variables. In other words, term premia are only
affected by uncertainties of the expected changes of economic variables.

In this economy, real bond prices are still affected by inflation. Higher expected inflation
generally lowers the prices of real bonds and increases the yields on real bonds when the
state variables x, and x3 are positive. This is because in this case, higher inflation contributes
to the real return of production.

A European call option contract C(¢, T, s, K) on this time ¢, maturity s — ¢ zero coupon
bond with strike price K and expiration date 7 promises the buyer the right but not the
obligation to buy the underlying bond at time 7 at a predetermined price, K units of the
real consumption good. The price of this options contract can be characterized by Eq. (42)
with terminal condition

C(T,T,s,K)=max(F(T,s —T)— K, 0). (49)
Obviously, we want s > T. This bond options contract can be priced as’

Ct,T,s,K)=F(@t,s—t)Nw)—KF(t, T —t)N(u — oy). (50)
where N is the standard Gaussian distribution function and

1 F(t,s —t o
o= (e )+ 5

Uj% =a'Ya,

and where ais a3 x 1 vector and ¥ is a 3 x 3 matrix given by

a; = D,’(S - T), and
1 — e~ Gtk XT—1)

Oij = PijSiSjViVj [
i i
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This options contract in the context of indexed bonds can be understood as if the strike price
is also indexed to the CPI so that inflation risk is eliminated from this contract. Thus we
can measure the strike price in consumption goods in our model.

Note that both nominal and real interest rates are a constant plus a positive linear combi-
nation of three Vasicek factors. Due to the similar structures of the real and nominal interest
rates, the pricing formulas for the real and nominal assets are quite alike. We can solve for
the price of a nominal zero coupon bond G (¢, 7) with maturity 7 at time ¢ by PDE (44) with
terminal condition G(z 4 7, 0) = 1 and no boundary condition equivalent to Eq. (46). The
solution is

3
G(t,T) = exp (F’(t) -y g;D,»(r)x,»,,), 51

i=1

where F is similar to that of F defined in (46) by replacing ¢;, A;, and ¢ with ¢/, A} and ¢/,
where

’ 2 2 2
C = Pan0102 + Pap0103 + Pnp0203 + o + 0y + o3,

and¢;=1,¢5=1and ¢ =g¢q.
The yield on the time-¢, maturity-7, zero coupon nominal bond is given by

3 D =@ 2 3 -
Yn(l, 1_) — Z ngl(T)xl:; G t(T) _ Z Z H t](T) _ C/, (52)
i=1

il j=itl ¥

where G and H; ; are similar to G; and H;; defined in Eq. (46) by replacing ¢; and A; with
¢/ and A;. This yield curve is similar to the real yield curve given by (47) except that one
of the three factors has a higher unconditional mean and volatility and a different constant.
The nominal term premia can be similarly solved as in Eq. (48) by replacing corresponding
variables. Again, only state variables matter for the term premia. The prices of options
contracts on the nominal bonds are very much like those of the real bonds and need no
special exposition. We therefore proceed to discuss this economy in general.

The effect of monetary policy on the prices of nominal bonds is greater than that on
the prices of real bonds. When x; and x3 are positive, higher expected inflation lowers the
prices of nominal bonds and increases the yields on them. Compared to nominal bonds,
real bond prices are better hedged against inflation. However, nothing is perfectly hedged
against inflation in this economy, because inflation has a real effect on real production.

Closing the Vasicek model

In this multi-factor Vasicek model, the idea of how real and nominal economies interplay is
explored in a setup with considerable mathematical flexibility. In Vasicek models, because
the conditional distributions of the state variables are Gaussian, we can allow all the uncer-
tainties to have all the possible correlation structures. The correlations among unexpected
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rates of changes of economic variables enter into the interest rates. They are the market
risks that are discounted in the interest rates. The correlations between unexpected changes
of the state variables and economic variables enter into the market prices of risk. They
are required to discount interest rates uncertainties. The correlations among state variables
enter into the asset pricing equations. They are to take care of the process by which the
interest rates risks are transmitted into asset prices.

Also in this model, the real interest rate reflects only real underlying economic shocks to
productivity and natural employment and the real effects of the nominal monetary shocks
combined. Nominal interest rates, on the other hand, reflect all the real economic and
nominal monetary shocks. We explore this idea with a fixed expected proportion of monetary
policies. In spite of the tractability of this model, there are other problems. One of the most
obvious drawbacks is that the nominal interest rate can possibly be negative, which presents
a serious counterintuitive problem for most of the nominal and real term structure models.
One difference this problem can make is that a zero-coupon bond can be traded arbitrarily
above its face value depending on some realizations of the state variables. In next section,
we will attempt to fix this problem in a different setup. In order to argue that this can happen
in our economy, cash is not allowed to be held as an asset. Thus, our nominal economy is
acting as a monetary economy without money. In the next section, we fix this problem and
allow individuals to hold cash as an asset.

A nonnegativity constrained model

In the last section, we assumed that monetary policy affects the economy through one
stochastic process by distributing the whole effect proportionally into prices and employ-
ment. Here, we propose another model that allows a random distribution effect of monetary
policy. Higher inflation rate no longer always raises employment growth. Here we admit
the possibility that there might be high inflation and low employment growth. There also
can be low inflation together with high employment growth. By choosing square root pro-
cesses together with QU processes, this model will satisfy the constraints that the nominal
interest rate must be non-negative, where real interest rate can be negative and deflation
could possibly exist. One advantage of this result is that we implicitly allow individuals
to hold cash as an asset. However, because the return of holding cash is always lower
than the non-negative return of holding nominal bonds, nobody would choose to hold
cash.

The economy

In this model, we no longer require the unexpected rates of the changes of productivity,
employment, and price to be constants. Their dynamics are

dA; = x1,A; dt + 01 /X1, A1 d By, (53)
dNr = (xz,f =+ €qu,)N,dt =+ O’z«/)(fz;N;dBn’f, and (54)
de = eq(x3,, - Mf)Pf dt + 03,/6‘1)63,,13,3 dBp’f7 (55)
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where o;s are constants and ¢ is the central banks ®s policy variable. x;s and u are state
variables given by

dxiy = ki@ — x1,)dt +vi/x1,dBy;, (56)
dxsy = ky(0 — x2)dt + v2 /%2, d By, 57
dxs; = k3(03 — x3,) dt + v3/x3,dB3,;, and (58)

duy = ky (0, — uy) dt + vy dBy s, (59)

where the ks, 0s, and vs are constants. B.,s are standard Gaussian processes. B, and
B, By and By, By, and B3, are correlated with correlation coefficients 41, 02, and
pp3 respectively. All the other pairs of Bs are independent of each other. x; is a square
root process. It is mean reverting with unconditional mean 6; and decaying parameter k;.
The diffusion coefficient is proportional to the square root of its own level. The conditional
distribution of this process is non-central x 2. It can never be negative. This setup also allows
the unexpected rates of changes of economic variables to be stochastic and the volatilities
are equal to constants times the square roots of the state variables. We do require o> < 1 in
order to maintain the long-run growth of the economy. We also want (1 — 032)03 > 6,, SO
that unconditional long-run deflation is excluded from the model.

All agents in the economy can observe the state variables at time 7,but not the realizations
of the Wiener processes. The interplay between inflation and employment is governed by
another Vasicek process u;. The central bank can choose the magnitude of the monetary
policy variable. With a chosen policy variable ¢, e?u, part of the policy will affect the
employment, while the rest, e?(x3, — u,), will enter into the expected inflation. The total
effect on the nominal interest rate is e?x; .. Notice the monetary policy is divided into a
real effect and a nominal effect stochastically by u,. In the short-run, higher inflation can
be either good or bad for employment, but in the long-run, the positive effect dominates.
Here we use an exponential function of ¢ in order to restrict the monetary authority from
imposing a long-run deflationary policy in exchange for short-run employment gain. We
also let u, be independent of x5 ; so that we can have mathematical tractability.

In this economy, expected inflation is given by

of = eT(x3; — uy). (60)
It is equal to the overall monetary policy effect minus the real effect on the output. The

central bank can decide the magnitude of the total effect, but can not decide the real effect
and inflation separately.

Monetary policy

Letus consider the inflation and employment growth objectives of the central bank. In con-
trast to the last section, both the employment process and the price process have stochastic
volatilities. However, the central bank treats them asymmetrically. It hates both expected
inflation and any unexpected change in prices. So the variable to denote the inflation is the
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sum of expected inflation and the variance of unexpected rate of price change,

T = ps + U;,r = eq(l + 032)x3,, —elu,. 61)
The central bank desires a faster rate of employment growth above the natural rate and
wishes to avoid fluctuation of the growth rates. Thus, we let the bank’s employment objective
variable be the expected employment growth minus the variance of the unexpected changes
of this growth rate,

Iy = iy — Unz’, =(1- azz)xz,, +elu,. (62)

We also assume that the central bank has a zero-inflation and above natural employment
growth rates objective. That is

nf =0, and (63)
' = (1-03)xy, +b. (64)

In this case, the central bank’s policy at time ¢, is given by

Proposition 3. The central bank will choose the policy variable g* to be

ba)zAu(to) . —k,0,
g* = log 5 if > ——,
(@1 + @2)Bu(to) + wi(1 + 02) Cs(to) 8 (65)
qg* = —o0 otherwise.
where, A;(s) and B;(s) are already given in the last section, and
v? ; Vf Xi s Vf
c 92—22 +6> (s — 9i)<k—'i + 29i) % - ",:i'z + (xis — 6:)? 6
i(s) = 5 + A + ST . (66)
Proof: See Appendix. O

The central bank will either choose a long-run inflationary policy or a price stabilization
policy. It cannot, though, pursue a long-run deflationary policy, because its real policy
variable ¢?" can not be negative. The case when it chooses a stable policy corresponds to
the situation where an inflationary policy does no good to the intertemporal discounted gain
from raising the employment growth rate, when there is a large negative realization of u,. The
intuition is that in the short-run, the negative effect of inflation on employment dominates.
We gain this feature from allowing stochastic influence of inflation on employment. In this
model, even if the central bank cannot implement long-run deflationary policy, it does not
prevent deflation from happening. In fact, both expected inflation and unexpected inflation
are allowed to happen in the short run.
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Interest rates and asset prices

We can solve for real and nominal interest rates as we did in the last section.
Proposition 4. The real spot interest rate in this economy is given by

re=(1—o)x, + (1 —03)x2; + euy. (67)
The nominal spot interest rate is given by

i = (1 — alz)xl’, + (1 — azz)xz,, + eq(l — 032))63’,. (68)
Proof: Applying Egs. (15) and (23) to (53) through (59), the result holds. 0

Interest rates reflect not only the expected changes of the underlying economic variables,
but also the risk adjusted expected growth rates. In this economy, the real and nominal
interest rates are both affected by the productivity and natural employment growth rates.
The real interest rates only show the real effects of monetary policy that are expected to be
transmitted into employment growth. The nominal interest rates reflect both the real growth
of economy and the expected growth of prices. Note that the nominal interest rate is not
the sum of real interest rate and expected inflation. This is because the nominal interest rate
also takes unexpected inflation part into account. An instantaneous riskless monetary return
has to pay a premium for the unexpected price fluctuation.

Another nice feature of our setup is that in this model, the nominal interest rate cannot fall
below zero, yet the real interest rate and both expected and actual inflation can be negative.
These properties are very basic to these variables, but most people have not captured them
in their models. This problem has drawn the attention of Black (1995) who proposed to
treat the nominal interest rate as a call option on the sum of real interest rate and expected
inflation. In our model, this cannot happen. If the sum of real interest rate and expected
inflation minus risk premium of price fluctuation is less than zero, the economy will simply
fail, because nobody would devote himself into production because the return of production
is lower than the return that could be obtained by simply holding cash. Without production,
the price would be driven up until people have incentives to produce again. We argue that
in this economy, the real interest rate somehow has to outweigh deflation, or in the case
of negative real interest rate, the inflation has to outweigh the real return from production.
Otherwise, a market economy will be in disequilibrium.

Let us now derive real and nominal asset prices. With the parametric forms of this model,
the PDEs underlying equivalent martingale approach in (16) and (26) can be written out
explicitly. With initial and boundary conditions, any asset H(-) that carry returns in real
consumption goods has to satisfy

(69)

2 2 2
vix; 0°H , (OH oH
+ E ( > axl + kit — kix; — Axi) Bxi) —rH = PP

i
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where A, x; is the market price of risk of the state variable x; with respect to the real economy
defined as

—J
Aix; = ( JWW) Cov (W, x;) = pijviojxi, (70)
w

where j =a wheni =1 and j = n when i = 2. In this model, the market price of risk changes
with the state variables. The equivalent martingale measure is achieved by replacing the drift,
ki (9, - )Ci), of state the variable X with (k, + )\.,)(k,@,/(k, + }\,) - )Ci). Unlike the Vasicek
model, both the unconditional mean and the decaying parameter are adjusted for the state
variable. The adjustment takes into account the correlations between the state variables and
the real wealth of the consumers.

If asset I(-)'s payoffs are in money, with initial and boundary conditions, the equivalent
martingale measure gives us

3 W s — ks — a2l ) = (71)
) iVi = KiXi = MXi)— ) — U = —.
— 2 ax,? * i Ox; T

Here MAlx; is the market price of risk of the state variable x; with respect to the nominal
economy given by

—L
Mx = ( 7 QQ)COV(Q, X1) = P1aV104X1,

Q
VR Sul A VS _ d
= — ov(Q, x2) = p2,V20,%2, an
Q

—L
Myxs = ( LjQ)COV(Q, x3) = el p3pv30px3.

In the nominal economy case, the market price of risk denotes the correlations between the
state variables and the nominal wealth of consumers.

Monetary policy affects real asset prices through its effect on the real interest rate. Nom-
inal asset prices are affected in two ways: one through the nominal interest rate; the other
through affecting the market price of risk of the third state variable.

Real and nominal bond prices and bond options prices
A real zero coupon bond with maturity T at time ¢ promises to pay one unit of consumption

good at time ¢ + 7. The terminal condition can be written as H(r +7,0) = 1. If we let
¢i=1—o02fori =1,2,and g, = €7, then the price of this bond is given by

2
H(t,7) = exp(Gy(t) — 6Dy (D) [ [ Ji(0) exp(—siKi()xy), (712)
i=l1
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where
Zsie(hi+§i)‘[/2 Zk,-eg/u,?
Jio) = ( , ) 7
(hi + &)(eb™ — 1) + 2¢;
2 5T _ 1
Ki(r) = ——— 1)

(hi +E)(e57 — 1) + 2§
hi =k +X;, and

&= (2 + 25,»1;?)%.

The yield of this bond is given by

Yr

_ SuDu(Du; — Gu(t) siKi(t)xi —InJi(r)
B T * Z T '

(73)

i=1

Again, we have a very flexible curve and the monetary policy variable will affect the mean
and variance of the yield. The cyclical behavior of the yield curve movement is also affected.
The term premium for maturity T bond at time ¢ is given by

Pr

_ SutiDu(®) = 1) = Gu(®) s sixi(Ki(r) — 7) —InJi(r). (74)

T P T
The real bond prices respond to inflation shocks depending on the sign of the state variable
u;. When u, is positive, real production responds positively to higher inflation. Higher
inflation will induce lower real bond prices and higher yields on them. When u, is negative,
real production responds negatively to higher inflation. Higher inflation, in this case, induces
higher bond prices and lower yields on them.

Consider the same European call option contract C(¢, T, s, K) on the time-#, maturity
s —t, zero-coupon bond with strike price K units of consumption good and expiration date
T. The strike price is also indexed to the CPI if the return is money. This option contract
does not bear any inflation risk. The option pricing problem can be seen as the solution to
Eq. (69) with terminal condition

C(T, T,s,K)y=max(H(T,s —T)— K, 0). (75)
This option contract, at time 7, is worth'©
Ct, T,s,K)=H(t,s —)®d,wo;m,n) —KH(t, T —t)®(d'; v';m, n), (76)

where d and d’ are scalars and w, ', m, n and n’ are 2 x 1 vectors such that
4k;0;
m; = PR
i
2670y,
T+ +Ki(s=T)

v

n;
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26925 TNy,
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i + @i
2§;
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Siv; (efz( n_ 1)
_hité
(01 - gi‘)iz £
_ )
" Du(s — Toy’
d = 781
D,(s — T)oy’

(1 = o)’

jp = e BTNy, 4 (1= T 0, —

2k2 ’

sl =)

f 2k, ’
o — 28(¢ + ¢ + Ki(s = 1))

t Ki(s —T) ’

;o 28( + )
w, = ————m8M8—,

‘T K —T)

2
8= Gu(s =T+ ) logi(s = ) = Du(s = Tz + Du(s — T)Y0} — log(K).

i=1
The function ®(u, x;s, t) is given by

X 23%) , 2

u x—22 ax 2 - 1 2
3 2
e 2 X“(zis8i, ) dz1 dzo dzs, (7
[wA /(; V2 i ’

i=1

where x2(x; s, v) is the distribution function of a noncentral x 2 distribution with s degree
of freedom and noncentrality parameter v.

The term structure of nominal interest rates in this case is determined by a three-factor
square-root model. A time-#, maturity t, zero-coupon nominal band /(¢, t) promises to pay
one unit of money at time ¢ + t. The terminal condition is I(t + 7,0) = 1.If g| = 1 — o,
g3 =1—07,and g3 = e7(1 — o), the price of this bond is

3
1, 1) = [ [ Ji(0) exp(—/Kj(D)xi), (78)
i=1

where J! and K are as those given in (72) except replacing ¢; with ¢/.
The yield on this bond is given by

(79

3 e’ ’
. S/ Ki(t)xi —InJi(7)
Y' = ._El . .

i.:JH_,}L:\:J}u Zy L—$ I
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The term premium for this maturity t bond is

(80)
T

3 7 !
P — cixi(Ki(t) — 1) — an,»(r)‘
2
In this case, the monetary policy influences nominal yield and term premium through a
square-root process instead of a Vasicek process like the real economy case.

In the case of nominal bonds, their prices go down uniformly when expected inflation
is higher, thus their yields go up. Even if in the special case when the realization of u, is
negative, because the positive effect of the increase in money stock always dominates the
negative effects of high inflation on real production, yields on nominal bonds still go up.
Because we require the long-run mean of x3 to be greater than the long-run mean of u,, real
bond prices respond to inflation shocks less than nominal bond prices. However, real bond
prices are not completely inflation proof.

A nominal bond option contract with strike price K’ denominated in money can be priced
by solving (71) with terminal condition

C(T,T,s,K")=max(I(T,s — T)— K, 0). (81
The pricing formula is
C'(t,T,s,KY=1I(t,s —t)®'(w;m,n) — K'I(t, T — )®'(«';m, n), (82)

where w, ', m,n and n’ are 3 x 1 vectors. The definitions of these terms are similar to
those in Eq. (75) by replacing ¢; by ¢/ and

§=3¢8=

2
log(Ji(s — T)) — log(K"), (83)

i=1

and ®'(x;s, t) is given by
B9 28 @Y 3
*2

X3 pra— x; x + 5
/ / / [[X°Gissi, ) dzi dza dzs. (84)
0 Jo 0 i=1
Notice that the strike price of the nominal bond option contract has to satisfy
3
K <[]¥ -1 (85)
i=1

Otherwise, the strike price would be higher than the maximum possible value of the time-T7,
maturity-t bond futures, and the options will be worth zero and will never be exercised.
This is one of the consequences of the negativity constraint on the nominal interest rate.
However, we do not have an upper limit for the strike prices of the option contracts for the
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real bond options in this section, and for the strike prices of both the real and nominal bond
options in the last section. This is because the real interest rate here and both the real and
nominal interest rates in the Vasicek model can be negative. Thus there are no lower bounds
for the underlying bond prices.

In this model, we constrain the nominal interest rate not to be negative and at the same
time allow the real interest rate and inflation to be negative. This is achieved by observing
that inflation must outweigh negative real return and real return must outweigh deflation.

An empirical description

In this section, we discuss how the models given in this paper might explain existing
empirical findings and how we can possibly use these models to test different conjectures,
and to fit real and nominal yield curves.

There have been several empirical studies of term structure models based on modern
theories. Those who tested Vasicek and CIR types of models, found that one factor model
performed poorly. Some found that two or three factors can describe the yield curve well.
In a three-factor model, it is generally found that two of the three factors show very slow
mean reversion, and the third factor displays a very strong mean reversion. The first two
factors account for the level and slope of the yield curve. The third one is often responsible
for variation of short-term interest rates. Brown and Schaefer (1994) worked with U.K.
indexed-linked bond data and found that the long-term zero-coupon yield is quite stable.

This paper offers a model that is ready to be tested with nominal bond data, indexed bond
data, and inflation data. One can apply either maximum likelihood or different versions of
method of moments to nominal bond and indexed bond data together. There are different
implications of the model that we can work with. In the Vasicek model case, we can first
focus on the test of 1. A zero n implies monetary policy is neutral. A non-zero result of n
will tell us about the real effect of inflation on real production. We believe that the two slow
mean reverting processes will correspond to the productivity growth process and the natural
employment growth process, x ,, and x,,, and the price growth process third factor will
show very fast mean reversion. If we find » to have a small magnitude, our model would
be consistent with the finding of Brown and Schaefer (1994) that the long-term real yield
is much more stable than the long-term nominal yield. Using the Vasicek setup, we can
also allow the anticipated and unanticipated uncertainties to be correlated, thus allowing
a great flexibility of the estimation and test of correlation coefficients between different
variables. We can also use macro survey data, such as inflation forecast data, productivity
measurement data, labor market data, and inflation data, because our factors are actually
economic variables, unlike most of the term structure literature, which leaves the factors as
unspecified state variables.

We can also estimate and test the parametric form of our model offered in section four.
Because this model satisfies more realistic conditions, we lose certain generalities like
the correlation between different square-root state variables. In actual estimation, we have
fewer parameters to estimate. Note that real and nominal interest rates are governed by two
common state variables, x; ; and x, ,, and one distinctive process, x3 , for nominal interest
rates and u, for real interest rates. The estimation of x3, and u, will tell us how monetary
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policy affects real interest rates on average. It can also tell us how variable the effect of
monetary policy on real interest rates can possibly be. Our conjecture about mean reversion
properties of the factors is similar to that of the Vasicek model. We suspect that the variance
of u, and nu,, is smaller than the volatility coefficient of x3, and v; respectively. The
advantage of this model over the Vasicek model is that certain empirical implications of this
model are more consistent with some existing empirical findings. For example, Pennacchi
(1992) tested a Vasicek type term structure model with inflation forecast survey data and
found that expected inflation is positively correlated with real interest rates. In our model,
the covariance of current expected inflation given by Eq. (60) and real spot interest rate
given by Eq. (67) is

Cov (wf, 1) = —e* Var (). (86)

There are also other results that we can test against the specifications of our model. Similar
to the Vasicek case, we can apply survey data in the empirical study of this model as well.

The most important contribution in terms of empirical implication is that it allows us
to apply different data sources together. These models also can be used to test different
macroeconomics conjectures under the general framework of our model. For example,
money non-neutrality would be a valid candidate to be tested. With the indexed bond trading
data from U.K., and the future U.S. indexed bond trading data, an estimatable model that
allows us to utilize this additional valuable source of information is also very important in
terms of finding the volatility structure of interest rates. Thus, we can improve our ability
to price interest rate sensitive derivative securities.

Conclusions

This paper has developed a general equilibrium model of the nominal and real term structure
of interest rates. Two examples are offered to illustrate the relationship among the real and
nominal economy and monetary policy. Inflation indexed bonds are unlikely to be totally
inflation free in this economy. This paper explored the dynamics of interest rates and asset
prices in a world where monetary policy is not neutral. In our model, the real interest rate,
nominal interest rate, and expected inflation are all correlated. Real assets are affected by
real shocks and the real effects of nominal shocks, while nominal assets are subject to both
real and nominal shocks. In the three-factor versions of our model, real and nominal interest
rates are subject to the influence of two common factors: shocks from productivity and from
the labor market. The third factor that affects nominal interest rates is expected inflation
uncertainty. And the third factor for real interest rates is the real effect from the expected
inflation uncertainty. The first two factors are conjectured to have very slow mean reversion
and to govern the level and slope of the yield curve. The third factor takes care of short term
shifts of the yield curve. One implication of our model is that long-term real interest rates
are more stable than the nominal interest rates. Unless money is neutral, such as in the CIR
(1985b) economy, indexed bonds will always be subject to inflation uncertainty.

With inflation indexed bonds introduced into the U.S. capital markets, this paper offered
a theoretical approach to understanding the term structure underlying the real and nominal

Reproduced with permission of the copyright:-owner. Further reproduction prohibited without permissionyyanny.manaraa.com



ARE INDEXED BONDS REALLY INFLATION PROOF? 91

economies. It is shown that there is risk premium in nominal interest rate only to the extent
that the correlation between unexpected inflation and unexpected return of real output is
nonzero. With more than ten years of trading data from countries such as the U.K., we can
actually test this model empirically using nominal and indexed bond data. This feature is
an advantage over those models that focus only on either indexed bond data or nominal
bond data. We can examine the constraints on the real interest rate, nominal interest rate,
expected inflation, actual inflation, and their volatilities. This model can also be used to test
hypotheses on monetary economics such as the money neutrality test.

Another contribution of this paper is our attempt to endogenize the price process by
studying the central bank’s behavior. However, this part of the model employs a static
game played at one time only. Adapting this model to the dynamic game case would be
a very interesting, although very difficult, further research direction. We also constrained
the central bank’s objective function to include only inflation and employment. However,
we can also add other dimensions to the central bank’s behavior such as an exchange rate
objective.

Appendix

Proof of Proposition 1:

+00
/ e (an Ey(ty — 2 + anErlly — D2 ds. (87)

fo

The solution for the monetary policy variable will be given by setting the derivative of (87)
with respect to ¢ equal to zero.

Proof of Proposition 2:

Proof: From (87), the solution ¢ is given by

+00 SE.((1 — s 2 oE .- b 2
/ e % (wl +(( ngx3) + o +(nqxs, ) ) ds = 0. (88)
o dq dq

Taking derivative and rearranging the equation, we have

+00 T ptoo
q= / e (w1(1 = ) + o) Ey (x3,) ds f e P wmbEy,(x35)ds
fo to
+00 1)2
= 1 (@11 — ) + o) / e—‘”(—%l—e—z"”)
o 2ks

—1
+00
+ ((xg,,,o — 93)6"‘” + 93)2) ds} wznb/ e_‘ss((xl,o — 93)e_k3s + 93) ds

fo
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Proof of Proposition 4:

Proof:

X3, — 63
ks + 0

(@1(1 =) + wn?)

IE, (7 (1 + 02)x3 5 — €u)’

L8

(x3,r0 - 93)2 - 2»_;3
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2k; + 6

)

From (88), the solution ¢ is given by solving

dE, (e%u; — b)?
o to(eut )

+00
f e (0)1
fo

dq

If there is an interior solution, ¢ is

el

+00
X a)zb/ e’ E, (us)ds
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(w1 + @2)

2
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2k3
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k.

+
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3
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9q
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this is when u,, > (—k,0,)/8. Otherwise, the solution is given by setting g to be the

boundary value

el =0,

org = —oo.
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PDE solution forms of real and nominal asset prices

In section two, we have given equivalent martingale approach to price real and nominal
asset prices. We offer the PDEs that are equivalent to the risk-neutral approach. Assume x
is a k x 1 vector of state variables and any state variable x; follows

dXi = [,Lidt —+ S;dW, (92)

where wis an/ x 1 vector of standard Wiener processes and s; is an [ x 1 vector of diffusion
coefficient. CIR (1985a) showed that the PDE follow by any real asset price F is given by

1 d 1<
5 Fww + D CoviW, xi)Fys, + 5 D Covixi, x))Frr, + W — O)Fy

i=1 i,j=1

k k
—Jww —Jwx,
+ E Wi — Cov(W, x;) — E LCov(xi, x;) ) Fy,

i JW i o JW is Aj X

i=1

+ F,—rF+46=0. (93)

Similarly, in the nominal economy, any asset price G can be solved from PDE

1 k 1 k
5Gzz + i;c(w(z, )Gz + 3 i;l Cov(xi, )Gz, + (rZ — C)G7

k k

_LZZ _LZx»
+ ; Wi = Cov(Z, x;) — ; L—ZJCOV(xh ) )G,
+G, —«G+5=0. o4

Notes

1. See Tobin (1972).

2. We can also let the utility function have only a finite horizon. The result will not change from what we will
get in this infinite horizon case.

3. The production function can also be defined by ¥; = Af" N,a 2 where «; and o are relative shares of produc-
tivity and labor. Under this definition, our result will not change much except some parameter differences.

4. See Kydland and Prescott (1977), and Rogoff (1985). However, instead of dealing with central bank’s cred-
ibility problem and its implication for expectation formation, we are dealing with a real tradeoff between
output and inflation.

5. We can understand this bond as an indexed bond later after we introduce nominal assets. The payoff of this
bond is not directly subject to price fluctuations. Another way to say it is that the principal of this bond is
indexed to actual inflation, if we think of the return in monetary terms.

6. The general PDEs are given in Appendix. We will solve the PDEs directly when we solve bond prices later.
However, when we solve for bond option prices and other derivative security prices, we use the equivalent
martingale method.

7. This approach is first proposed in Harrison and Kreps (1979), and Harrison and Pliska (1981). Constantinides
(1992) further developed this approach in his term structure paper. He showed that the state price deflater is
the marginal rate of utility.
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8. The PDE that a nominal contingent claim has to follow is also given in Appendix.

9. This pricing formula is an extension of the single factor Vasicek case to a correlated three-factor case using
equivalent martingale technique. We can also solve this problem under the Heath, Jarrow, and Morton (1990a,
1990b, 1992) framework by starting from the forward rates.

10. The option pricing formulas for a single-factor Vasicek model are given by Jamshidian (1989), and for one-
and two-factor CIR models by CIR (1985b), Longstaff and Schwartz (1992), and Chen and Scott (1992). Our
solution to the mixed multi-factor model is solved by equivalent Martingale technique.

References

Bakshi, G. S. and Z. Chen, “Inflation, Asset Prices, and the Term Structure of Interest Rates in Monetary Eco-
nomics.” Review of Financial Studies 9, 241-275 (Spring 1996).

Black, F.,, “Interest Rates as Options.” Journal of Finance 50, 1371-1376 (Dec. 1995).

Breeden, D., “Consumption, Production, Inflation and Interest Rates, A Synthesis.” Journal of Financial Economics
16, 3-39 (May 1986).

Brown, R. H. and S. M. Schaefer, “The Term Structure of Real Interest Rates and the Cox, Ingersoll, and Ross
Model.” Journal of Financial Economics 35, 3—-42 (Feb. 1994).

Chen, R. and L. Scott, “Pricing Interest Rate Options in a Two-Factor Cox-Ingersoll-Ross Model of the Term
Structure.” Review of Financial Studies 5, 613—-636 (Dec. 1992).

Constantinides, G. M., “A Theory of the Nominal Term Structure of Interest Rates.” Review of Financial Studies
5, 531-552 (Dec. 1992).

Cox, J.,J. Ingersoll and S. A. Ross, “An Intertemporal General Equilibrium Model of Asset Prices.” Econometrica
53, 363-384 (March 1985a).

Cox, J.,J. Ingersolland S. A. Ross, “A Theory of the Term Structure of Interest Rates.” Econometrica 53, 385-407
(March 1985b).

Harrison, M. and D. Kreps, “Martingales and Arbitrage in Multiperiod Securities Markets.” Journal of Economic
Theory 20, 381-408 (June 1979).

Harrison, M. and S. Pliska, “Martingales and Stochastic Integrals in the Theory of Continuous Trading” Stochastic
Processes and Their Applications 11, 215-260 (1981).

Heath, D., R. Jarrow and A. Morton, “Contingent Claims Valuation with a Random Evolution of Interest Rates.”
The Review of Futures Markets 9, 54-78 (1990a).

Heath, D., R. Jarrow and A. Morton, “Bond Pricing and the Term Structure of Interest Rates: A Discrete Time
Approximation.” Journal of Financial and Quantitative Analysis 25, 419-440 (Dec. 1990b).

Heath, D., R. Jarrow and A. Morton, “Bond Pricing and the Term Structure of Interest Rates: A New Methodology
for Contingent Claims Valuation.” Econometrica 60, 77-105 (Jan. 1992).

Jamshidian, F., “An Exact Bond Option Formula.” Journal of Finance 44, 205-209 (March 1989).

Kydland, F. and E. Prescott, “Rules Rather than Discretion: The Inconsistency of Optimal Plans.” Journal of
Political Economy 85, 473-492 (June 1977).

Merton, R., “Optimum Consumption and Portfolio Rules in a Continuous-Time Model.” Journal of Economic
Theory 3, 373413 (Dec. 1971).

Pennacchi, G. G., “Identifying the Dynamics of Real Interest Rates and Inflation: Evidence Using Survey Data.”
Review of Financial Studies 4, 53-86 (March 1991).

Richard, S., “An Arbitrage Model of the Term Structure of Interest Rates.” Journal of Financial Economics 6,
33-57 (March 1978).

Rogoff, K., “The Optimal Degree of Commitment to an Intermediate Monetary Target.” Quarterly Journal of
Economics 100, 1169-1189 (Nov. 1985).

Sun, T., “Real and Nominal Interest Rates: A Discrete-Time Model and Its Continuous-Time Limit.” Review of
Financial Studies 5, 581-611 (Dec. 1992).

Tobin, J., “Inflation and Unemployment.” American Economic Review 62, 1-18 (March 1972).

Vasicek, O., “An Equilibrium Characterization of the Term Structure.” Journal of Financial Economics 5,177-188
(Nov. 1977).

Reproduced with permission of the copyright:-owner. Further reproduction prohibited without permissionyyanny.manaraa.com



